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We consider the “membrane in the middle” optomechanical model consisting of a laser pumped
cavity which is divided in two by a flexible membrane that is partially transmissive to light and
subject to radiation pressure. Steady state solutions at the mean-field level reveal that there is a
critical strength of the light-membrane coupling above which there is a symmetry breaking bifur-
cation where the membrane spontaneously acquires a displacement either to the left or the right.
This bifurcation bears many of the signatures of a second order phase transition and we compare
and contrast it with that found in the Dicke model. In particular, by studying limiting cases and
deriving dynamical critical exponents using the fidelity susceptibility method, we argue that the two
models share very similar critical behaviour. For example, the obtained critical exponents indicate
that they fall within the same universality class. Away from the critical regime we identify, however,
some discrepancies between the two models. Our results are discussed in terms of experimentally
relevant parameters and we evaluate the prospects for realizing Dicke-type physics in these systems.
PACS numbers: 42.50.Pq, 03.75.Lm, 05.45.Mt
I. INTRODUCTION
Over the last decade optomechanics has emerged as
a new playground where macroscopic material oscilla-
tors coupled to light can display quantum phenomena.
In these hybrid systems, mechanical oscillators such as
membranes or mobile mirrors are coupled to light in op-
tical resonators which allows them to be cooled to the
quantum regime [1]. It has long been known that a
light-matter coupling introduces a nonlinearity that can
give rise to optical bistability characterized by drastic
changes in the cavity field amplitude upon small parame-
ter changes [2]. Optical bistability has traditionally been
discussed in cavity quantum electrodynamics in terms of
a single optical resonator mode interacting on or near
resonance with a thermal gas of two-level atoms [3]. At
the classical level this optical bistability, which displays
a hysteresis effect, mimics a first order phase transition
(PT). The advent of experiments with ultracold atomic
gases trapped inside optical cavities has spurred a new
generation of optomechanical investigations. In particu-
lar, in the dispersive regime the atoms’ external degrees
of freedom in the form of collective mechanical motion
(phonons) are excited by the light and play a role closely
analogous to the mechanical excitations of a mobile mir-
ror [4, 5]. The first round of cold atom experiments stud-
ied runaway instabilities such as superradiant Rayleigh
scattering and collective atomic recoil lasing [6–8], how-
ever subsequent experiments have been able to realize the
steady state phases of light and matter associated with
these phenomena, and in particular, continuous transi-
tions (i.e. second order PTs) have been observed [9–11]
as the atom-light coupling is varied. More precisely, a
spontaneous self-organization [12–15] of the atomic cloud
into a supersolid lattice structure has been identified with
the so called Dicke PT (in fact, the transition observed
in the experiments is most likely an “open” or classical
version of the Dicke PT [16, 17] due to the fact that the
optical cavity mirrors are not perfectly reflecting). The
purpose of the original model studied by Dicke [18] was
to describe the collective emission of light by N two-level
atoms identically coupled to a single mode of the elec-
tromagnetic field. The change from the normal to the
superradiant state as the atom-light coupling strength is
varied was later identified as a continuous PT by Hepp
and Lieb [19], and Wang and Hioe [20]. In the disper-
sive cold atom experiments the role of the two internal
atomic states is played by two momentum states of the
atoms. The many similarities between the atomic op-
tomechanical systems and the ones comprised of solid
state mechanical oscillators suggests that related critical
phenomena may also be found in the latter. This is the
question we will address in the present work, and we will
indeed demonstrate that continuous dynamical PT’s sim-
ilar to Dicke PT’s might be realizable in state-of-the-art
solid state optomechanical systems.
As a model system we choose the “membrane in the
middle” setup realized in a pioneering set of experiments
by the Yale group [21–23] and studied theoretically in
numerous papers, e.g. [24–29]. The membrane consists
of a very thin film of dielectric material mounted on a
frame and placed in the middle of a high-Q optical Fabry-
Pe`rot cavity which is itself pumped by a laser, as de-
picted schematically in Fig. 1. The membrane is partially
transmissive to light and is elastic like a drumhead so
that when it is subjected to radiation pressure the mem-
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2brane can be displaced to the left or right. However, the
position of the membrane also determines the effective
lengths of the left and right sub-cavities which means that
there is a strong back-action in the system: the photon
fields affect the state of the membrane, but changing the
state of the membrane in turn alters the photon states. A
similar back-action is found in the Dicke model (DM) [18–
20], and indeed, we show in Section II that by utilizing
Schwinger’s spin-boson mapping this model is identical
to the Dicke one when losses and driving are excluded.
Here, the Dicke PT manifests itself as spontaneous sym-
metry breaking of the position of the membrane, so that
it is either displaced to the left or the right above a crit-
ical value of the light-membrane coupling strength. In
section III we derive an effective double well potential for
the membrane, analogous to that which appears in the
free energy in the Landau theory of continuous PT’s, and
use it to model the symmetry breaking. For the present
system, the Dicke PT would imply that a macroscopic
number of photons could be generated even in a closed
undriven system. Reaching such regimes seems unlikely
experimentally, and we therefore focus on the more real-
istic situation where the two photon modes are driven by
two classical sources (lasers). Even though the resulting
model is not identical to the Dicke Hamiltonian, we show
in Section IV that on the mean-field level it can still be
critical and that the critical exponents agree with those
of the DM. The connection to the DM is further strength-
ened through study of the linearized collective excitations
around the mean-field solution, which we perform in Sec-
tion V. We find that the basic structure of the spectrum
as a function of the membrane-light coupling is the same
in both models. This suggests that the Dicke type be-
haviour is not only manifested at the mean-field level, but
also at a quantum level. By considering experimentally
relevant parameters in Section VI, we thereby suggest
that Dicke physics could be accessible in multimode op-
tomechanical systems. Away from the universal critical
regime there are, however, some differences between the
two models. The most striking one is that in the limit of
infinitely strong light-membrane coupling the state of the
system returns to the normal one (i.e. the non “super-
radiant” phase) with no membrane excitations present.
We conclude this paper in Section VII where we briefly
discuss a no-go theorem for the PT in the DM and ex-
plain how it is circumvented here. We have also included
an Appendix where we discuss Schro¨dinger cat states of
the membrane position.
II. MODEL SYSTEM
Within the two-mode approximation for the light, only
one cavity mode to the right (frequency ωa) and one to
the left (frequency ωb) of the membrane are taken into
account. This is the simplest example of a multimode
system. When the membrane is located in the centre
of the cavity the modes have identical (bare) frequencies
FIG. 1: A schematic depiction of the experimental setup real-
ized in [21] consisting of a partially transmissive flexible mem-
brane inside a pumped Fabry-Pe`rot cavity. The frequencies
of the right and left cavities are ωa and ωb, and they are sep-
arately pumped at rates ηa and ηb, respectively. Photons are
transmitted through the membrane at rate g, and the leakage
of photons through each of the end mirrors is assumed to be
equal and occur at rate κ. The direct mechanical decay rate
γ of the membrane will be discussed in Section IV B.
ωa = ωb = ωcentre. The two cavity modes are assumed
to be pumped at frequency ωcentre by two lasers with re-
spective real amplitudes ηa and ηb, i.e. the cavity-pump
detuning δ = 0 when the membrane is in the ground
state. As an alternative, one could also pump through
just one mirror at the same frequency ωcentre since this
is also the frequency of a “global” mode that extends
throughout the cavity, but having two pumps would give
more control. Photons are transmitted through the mem-
brane between the a and b modes at a rate g (> 0). One-
dimensional toy models that assume the optical proper-
ties of the membrane can be described by a δ-function
dielectric spike give g as
g ≈ c
L
√
1−R
R
(1)
(see Eq. (14) in [27]), where c is the speed of light, L is
the total length of the cavity and R is the reflectivity of
the membrane which is assumed to be close to unity.
The membrane itself is assumed to behave as a har-
monic oscillator of natural frequency ω. It also expe-
riences a radiation pressure proportional to the photon
number difference between the two modes. Depending
upon whether the membrane is positioned at a node or an
anti-node of the bare cavity modes, the radiation pressure
is, to a good approximation, either linear or quadratic in
the displacement of the membrane [21, 22, 24]. In this
work only the linear coupling case will be considered. In a
frame rotating at the pump/light mode frequency ωcentre
(and assuming the adiabatic approximation for the cavity
3modes [30]) the Hamiltonian is
Hˆ =
pˆ2
2m
+
mω2xˆ2
2
+ ~g
(
aˆ†bˆ+ bˆ†aˆ
)
+
2
L
~ωcentrexˆ (nˆa − nˆb)
+~ηa
(
aˆ+ aˆ†
)
+ ~ηb
(
bˆ+ bˆ†
)
,
(2)
see, e.g., Eq. (1) in Reference [28]. Here, xˆ and pˆ are
the canonical position and momentum operators for the
membrane with x = 0 being its expected position in the
ground state in the absence of photons, and aˆ and bˆ (aˆ†
and bˆ†) are the annihilation (creation) operators for the
two light modes obeying the bosonic commutation rela-
tions [aˆ, aˆ†] = [bˆ, bˆ†] = 1 and [aˆ, bˆ] = 0. nˆa = aˆ†aˆ and
nˆb = bˆ
†bˆ are the corresponding photon number opera-
tors. The parameters in the Hamiltonian, plus the decay
rates κ and γ accounting for the cavity photon losses
and membrane phonon losses, respectively, are depicted
schematically in Fig. 1.
PT’s are properly defined in the thermodynamic limit
where the system becomes in some sense large. In order
for our Hamiltonian to maintain its form in this limit
we apply the Kac prescription [31] which forces all terms
to scale in the same way. To this end we introduce a
dimensionless parameter V which represents a character-
istic measure of the size and put
Hˆ =
pˆ2
2
+
xˆ2
2
+ g
(
aˆ†bˆ+ bˆ†aˆ
)
+
λ√
V
xˆ (nˆa − nˆb)
+ηa
√
V
(
aˆ+ aˆ†
)
+ ηb
√
V
(
bˆ+ bˆ†
)
.
(3)
In this version of the Hamiltonian we have also made
all quantities dimensionless, i.e. put Hˆ → Hˆ/~ω, xˆ →
xˆ
√
~/mω, pˆ → pˆ√m~ω and put all frequencies in units
of the phonon frequency ω (and thereby also set the time
scale). One interpretation of V is as the number of pho-
tons in the system. In this way we see that na and nb
scale as V and hence aˆ, bˆ, xˆ, pˆ ∼ √V , meaning that all
the terms in Hˆ are O(V ). For example, a coefficient such
as η
√
V can be interpreted as a scale dependent pumping
η′ = η
√
V , that is, as V is increased the actual experi-
mental pumping rate η′ should be increased in order that
this term remain relevant. The scale independent rate η
is the pumping at some particular scale and is fixed. The
parameter λ, which provides the coefficient of the radia-
tion pressure term, is dimensionless and is given by
λ =
2
L
ωcentre
ω
√
~
mω
. (4)
To make the parallel to the DM most transparent, let
us begin by discussing the limiting case of ηa = ηb = 0
where we regain the model Hamiltonian considered in nu-
merous earlier works [21, 22, 24–27]. It directly follows
that the total photon number operator Nˆtot = nˆa + nˆb
is preserved in this case which gives rise to a con-
tinuous U(1) symmetry (corresponding to the operator
Uˆ = exp[−iNˆtotφ] which commutes with Hˆ for any φ).
To describe the situation where there is a net radiation
pressure upon the membrane and it is displaced from
x = 0, i.e. in the symmetry broken phase, one can turn
to a shifted basis by applying the displacement operator
Dˆ(α) = exp(−iαpˆ) with α = λ(nˆa − nˆb) to the Hamil-
tonian. This leads to quartic terms in the photon oper-
ators which can be seen as “photon-photon interaction
terms” generated by the collective coupling to the mem-
brane [32]. As for the bosonic Josephson effect [33], these
effective interaction terms stabilize a trapping state where
photon transmission through the membrane is suppressed
as are the oscillations of the membrane itself [26].
Another approach to the closed undriven model, seem-
ingly overlooked in the past, is to use the fact that the
number of photons is preserved and apply Schwinger’s
spin-boson mapping [34]
Sˆx = aˆ
†bˆ+ bˆ†aˆ,
Sˆy = i
(
aˆ†bˆ− bˆ†aˆ
)
,
Sˆz =
1
2 (nˆa − nˆb) ,
(5)
giving the Hamiltonian in the spin representation
HˆD = nˆc + gSˆx +
√
2
V
λ
(
cˆ+ cˆ†
)
Sˆz, (6)
where we have introduced the membrane creation (anni-
hilation) operators cˆ = (xˆ+ ipˆ) /
√
2 [cˆ† = (xˆ− ipˆ) /√2]
and like before nˆc = cˆ
†cˆ. Up to a trivial spin-rotation,
HˆD is identical to the celebrated Dicke Hamiltonian [18]
which at its heart describes N spins (two-level atoms)
coupled to a single harmonic oscillator (photon mode).
The purpose of introducing the membrane operators cˆ
and cˆ† is to make the analogue to the DM more evi-
dent [35]. The Dicke PT [19, 20] from a normal to a
superradiant phase occurs at the critical coupling λc =√
g/2 and corresponds to a breaking of spin symmetry
and a macroscopic excitation of the harmonic oscillator.
More precisely, it is the discrete Z2 symmetry character-
ized by
(xˆ, pˆ, Sˆx, Sˆy, Sˆz)→ (−xˆ, −pˆ, Sˆx, −Sˆy, −Sˆz) (7)
that is broken. The Dicke superradiant phase is therefore
characterized by a non-zero 〈xˆ〉 and a non-zero 〈Sˆz〉, i.e.
a breaking of symmetry to realize one of two options.
The PT survives at zero temperature implying that the
model is also quantum critical [35]. In the DM the system
“size” is identified with the total spin S, and we see that
all terms in the Dicke Hamiltonian scale as S.
It is worth appreciating the physical differences be-
tween the optomechanical system under discussion and
4the original formulation of the DM. In the latter, the
magnitude S of the total spin is set by the number of
two-level atoms. It is reasonable to assume that this is
a certain fixed number. However, in our system the role
of the atoms is played by photons, and in experimen-
tally realistic situations photon losses are present. These
losses can be countered by pumping the cavity to give
a fixed average photon number, but the steady state of
a pumped, damped harmonic oscillator (the electromag-
netic field) is in general a coherent state [36] containing
a superposition of different Fock states each correspond-
ing to a different spin sector S in the DM. Furthermore,
having a variable number of photons also makes it tricky
to talk about a ground state. Despite these types of ef-
fects, it is believed that open systems can still be critical
and display true PTs [15–17, 37–39]. The study of crit-
icality in open systems is an interesting area in its own
right, but exploring these foundational questions is not
the main goal of the present work. Instead, we will show
that novel features emerge when the two photon modes
are pumped and a steady state is reached where pumping
and losses are balanced. In Section V of this paper we
will estimate the effects of fluctuations arising from the
open nature of the system.
We therefore turn to the the case of non-zero pump
amplitudes ηa and ηb. Adding the drive terms to the
DM implies that the number operator Nˆtot is no longer
a constant of motion and we cannot utilize Schwinger’s
mapping in order to write the model as an effective spin
Hamiltonian. Nevertheless, if ηa = ±ηb the Z2 symmetry
of the DM still survives in the pumped system. In the
boson representation the symmetry is characterized by(
xˆ, pˆ, aˆ, bˆ
)
→
(
−xˆ,−pˆ,±bˆ,±aˆ
)
, (8)
where the± sign is determined by whether ηa and ηb have
equal or opposite signs. Whenever |ηa| 6= |ηb| this sym-
metry is, however, broken. Moreover, as will be demon-
strated in Sec. III it follows from the fact that g > 0 that
this symmetry can only be spontaneously broken when
ηa = −ηb ≡ η, i.e. when there is a pi phase difference
between the two pumps.
Having identified the Z2 parity symmetry of the driven
Hamiltonian, it follows that the system may actually be-
come critical in the thermodynamic limit at the point
where the symmetry is spontaneously broken. However,
as we are dealing with a driven system, we are careful
to note that this is a dynamical PT appearing in the
steady state. In the following we will additionally intro-
duce losses which means that it is not really legitimate
to talk about a proper quantum PT.
III. EFFECTIVE MEAN-FIELD THEORY FOR
THE MEMBRANE
For experimentally relevant situations, the cavity
modes typically evolve on a faster time scale than the
mechanical membrane, i.e. g  1 [24, 26]. (It should be
noted that in the figures and examples we give through-
out this paper we have put g ∼ 1 to better see the effects
of the symmetry breaking. However, we expect there
will be no qualitative change in our results by having
g  1.) In this situation the optical modes can be adi-
abatically eliminated to give an effective model for the
membrane alone. As we shall show below, the presence
of the light induced forces leads to an effective double
well potential for the membrane (when we are above the
transition point). This approach makes it relatively easy
to visualize the steady state properties of the system and
it directly hints at the onset of a dynamical PT for cer-
tain light-membrane coupling strengths. In the following
analysis we will also include cavity loss as a simple dis-
sipative process (we neglect decoherence stemming from
the losses).
Using the above Hamiltonian (3) we follow standard
steps and derive the following Heisenberg equations of
motion for the two optical boson operators
i ˙ˆa = gbˆ+
λ√
V
xˆaˆ+ ηa
√
V − iκaˆ,
i
˙ˆ
b = gaˆ− λ√
V
xˆbˆ+ ηb
√
V − iκbˆ. (9)
Here we have introduced a cavity decay rate κ by assum-
ing that photons can leak from the cavity into two in-
dependent zero temperature photon reservoirs. Since we
assume a zero temperature bath and since we are mainly
interested in the mean-field limit in this work we leave
out reservoir induced fluctuations, the so called Langevin
noise terms, in the above equations [40]. At this stage
we have not included phonon dissipation, but discuss this
case briefly in the next section. The steady state solu-
tions of the field operators, expressed in terms of the
membrane displacement, become
aˆss = − iηa
√
V κ+ gηb
√
V + xˆηaλ
g2 + κ2 + xˆ2λ2/V
bˆss = − iηb
√
V κ+ gηa
√
V − xˆηbλ
g2 + κ2 + xˆ2λ2/V
. (10)
In this paper we only study steady state solutions to the
mean-field equations of motion. However, single cavity
optomechanical systems are known to also support self-
sustained oscillations x(t) ≈ x¯+A cos(ωt) about an aver-
age displacement x¯ [41]. Oscillating solutions also exist
in the DM [17]. They typically require a blue detuning of
the pump laser from the cavity resonance whereas here
we limit ourselves to the zero detuning case.
Introducing the effective potential for the membrane
via
˙ˆp = −xˆ− λ√
V
(nˆa − nˆb) ≡ −dVeff(xˆ)
dxˆ
(11)
and inserting the above steady state solutions for the field
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FIG. 2: The effective potential for the membrane as a function
of the membrane position for different values of λ; λ = 0.5 (a),
λ = 1 (b), λ = 2 (c), and λ = 10 (d). The other parameters
are, g = κ = η = 1 (with ηa = −ηb) and V = 100 giving
λc = 1. Note that (c) shows the case when the splitting
between the two minima is largest and in (d) the minima
have moved closer together again despite increasing λ further.
As λ → ∞ the central barrier becomes very narrow and the
double well tends to a harmonic potential with a δ-function
at the centre.
variables we find
Veff(x) =
x2
2
− 2gηaηbV
g2 + κ2 + x2λ2/V
+ V
(η2a − η2b )
(g2 + κ2)
(12)
×
κ
2arctan
(
xλ/
√
V√
g2+κ2
)
√
g2 + κ2
− g
2xλ/
√
V
g2+κ2+x2λ2/V
.
Since in the following we will consider the classical mean-
field limit we drop the hat on the position operator xˆ.
Equation (12) demonstrates how the Z2 parity sym-
metry is restored when ηa = ±ηb because then the an-
tisymmetric terms in the square brackets do not appear
and the remaining terms are symmetric in x. As alluded
to in the previous section, by choosing opposite signs
ηa = −ηb ≡ η only the lower lying photon state, which is
antisymmetric for g > 0 [27], is pumped when x = 0. In-
deed, making the transformation from the a/b (right/left)
representation to the S/AS (symmetric/antisymmetric)
representation, the pumping terms in Eq. (3) transform
into
ηa(aˆ
† + aˆ) + ηb(bˆ† + bˆ) → (ηa + ηb)(aˆ†S + aˆS)
+(ηa − ηb)(aˆ†AS+aˆAS).
(13)
Clearly, when ηa = ηb the pumping of the antisymmetric
mode vanishes.
In order to understand the physical significance of
pumping the left and right modes with a pi phase dif-
ference we note that these are not stationary modes of
the total cavity, i.e. they are not stationary solutions
of Maxwell’s equations (even assuming perfect end mir-
rors), but linear combinations of them are. Whereas the
frequencies of the left and right modes cross at x = 0, the
global modes of the total cavity form an avoided crossing
whose separation at x = 0 is 2g [21, 22, 25]. The gap
2g vanishes as the reflectivity of the membrane tends to
unity. There is a close analogy between the double cav-
ity problem for light and the double well problem for a
quantum particle [42], where the membrane displacement
is equivalent to an imbalance between the depths of the
two wells. However, there is also a crucial difference:
whereas for massive particles tunneling through a poten-
tial barrier the lower energy eigenfunction of the double
well is the symmetric combination of the left and right
wave functions and the higher energy eigenfunction is the
antisymmetric combination, for light passing through a
dielectric slab the reverse is true—see Appendix A of [27]
for a fuller explanation. Pumping with ηa = −ηb excites
the odd global mode which is the lower frequency one.
In the following we shall disregard the case when ηa =
ηb because for g > 0 the effective potential Veff(x) can
then only take the form of a single potential well centred
at x = 0 and the effect of increasing the light-membrane
coupling λ is just to narrow this single well. However,
when ηa = −ηb we instead find that above a critical value
λc =
g2 + κ2
2η
√
g
. (14)
the single well evolves into a double well, see Fig. 2. We
thus obtain the classic Landau mean-field description of a
continuous PT [43]. By design, our scaling of the various
terms in the Hamiltonian with system size results in λc
being independent of V .
According to quantum theory, the membrane can be in
a superposition of being displaced to +xss or −xss which
are the minima of the double well potential. Such su-
perpositions are not allowed in the mean-field descrip-
tion which assumes a definite position for the mem-
brane. Nevertheless, it is instructive to make a brief
excursion into the fully quantum world and examine
what properties such superpositions would have. When
the minima are separated by a macroscopic distance a
Schro¨dinger cat state is formed and the variance ∆x ≡√〈x2〉 − 〈x〉2  1. By Heisenberg’s uncertainty princi-
ple we therefore expect that the variance in the momen-
tum quadrature obeys ∆p ≡ √〈p2〉 − 〈p〉2  1. Indeed,
in the DM it is known that the boson mode can become
highly squeezed [15, 16, 44]. In Fig. 3 we plot some nu-
merical results obtained by imaginary time-propagation
of the Schro¨dinger equation in the potential Veff(x). In
particular, in Fig. 3 (a) we show how the momentum
variance for the membrane depends upon the parame-
ter λ. For ∆p < 1/
√
2 (marked by the dashed line) we
achieve squeezing beyond the classical limit [45], with ∆p
reaching its minimum at the critical point at λ = 1. In
Fig. 3 (b)-(d) we plot the Wigner phase space distribu-
tion W (x, p) = 1pi
∫
dyψ∗(x+y)ψ(x−y)e2ipy where ψ(x)
is the “wave function” of the membrane. The presence
of a coherent superposition is signalled by the interfer-
ence pattern at x = 0 whose onset coincides with the
6FIG. 3: Momentum squeezing (a) and the Wigner function
for the membrane (b)-(d) for different light-membrane inter-
action strengths; λ = 0.95 (b), λ = 1.005 (c), and λ = 1.05
(d). The rest of the parameters are, g = κ = η = 1 (with
ηa = −ηb) and V = 10000. The critical point is λc = 1 for
these parameters, and the large value of V means that the
transition is clearly visible (the fact that V is finite implies
that maximum squeezing is not obtained for exactly λ = 1).
In (a) the dashed line gives the limit for classically accessible
squeezing, i.e. that of a coherent state. The large squeezing
in the vicinity of the critical coupling is clearly visible in the
Wigner function shown in (c).
formation of the double well.
Macroscopic superposition states and momentum
squeezing of the membrane are of considerable funda-
mental interest but unfortunately they would be hard to
observe in practice. In the first place this is because we
are dealing with an open system in which light (that is
entangled with the state of the membrane) is leaking out
of the cavity where is it rapidly measured by the envi-
ronment. This is a double-edged sword because it both
allows the continuous monitoring of the state of the mem-
brane and at the same time collapses the superposition.
An analogous situation occurs in atomic gas experiments
where the two symmetry broken states correspond to the
occupation of two different sublattices inside the cavity
and are distinguished by the cavity light having either a
0 or pi phase difference with the pump light, something
which can be seen using heterodyne detection [11]. A sec-
ond consideration, which is of a more technical nature,
is the degree to which we can protect the double well
from explicit symmetry breaking terms in the Hamilto-
nian. In Appendix A we calculate at what asymmetry the
cat state collapses into one well or the other due e.g., to
slightly imbalanced pumping, and find that this imposes
severe experimental constraints.
IV. DYNAMICAL CRITICALITY
A. Emergence of criticality
In terms of the ratio µ = λ/λc of the light-membrane
coupling to its critical value, the minima of Veff(x) are at
the membrane positions
xss± =
{
0, µ ≤ 1
±√20
√
µ−1
µ , µ > 1,
(15)
where 0 =
2gη2V
g2+κ2 . These are the fixed points (steady
states) for x of the mean-field Heisenberg equations of
motion. Plugging Eq. (15) into Eq. (12) (with ηa = −ηb)
we get the shift in the “ground state” energy
E0
0
=
{
1, µ ≤ 1
2µ−1
µ2 , µ > 1 .
(16)
In the thermodynamic limit, V → ∞, the steady state
position (15) diverges, i.e. the membrane becomes highly
excited. This marks the presence of a continuous PT
with a critical coupling λc; in the symmetry broken
phase, µ > 1, the Z2 parity symmetry is broken and
the membrane is shifted to |xss±| in either direction.
The phase with µ < 1, where the membrane is in the
ground state, will be called normal phase in analogy
with the corresponding phase of the DM. Returning to
Eq. (10) we see how the photon amplitudes na = a
∗
ssass
and nb = b
∗
ssbss are altered across the transition. In the
normal phase the field amplitudes are given by the stan-
dard result for a resonantly pumped dissipative oscilla-
tor, i.e. na = nb = η
2V/
(
g2 + κ2
)
. As expected, in
this phase the photon amplitudes are independent of the
light-membrane coupling λ since xss = 0 and the light
field has a node at this point. In the symmetry broken
phase the membrane is shifted from x = 0 which causes
the pump to be effectively detuned from the dressed cav-
ity modes, and thereby the value of na−nb will be shifted
in this phase as well. The shifts in na−nb and nc (phonon
number) can be seen in Fig. 4 (a) and (b), respectively.
Note that na 6= nb due to the different numerators in
Eq. (10).
Let us now compare the present pumped and damped
system to that of the DM. Indeed, there are some dif-
ferences between these results and those obtained within
the DM. In the next subsection we will discuss this fur-
ther where we also compare some critical exponents of
the present model to those of the DM. Instead, here we
compare non-universal properties away from the critical
regime. We first note that in the DM λc ∝ g1/2 [46]
while here we have λc ∝ g3/2. Also, most strikingly,
for λ λc the quantities in Eqs. (15) and (16) approach
zero, whereas in the DM they show a linear and quadratic
behaviour, respectively, and tend to infinity. The asymp-
totic behaviour can be seen in Fig. 4 where amplitudes
reach a maximum and decrease as we increase µ. As we
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FIG. 4: Cavity photon number difference (a), and the number
of phonons in the oscillator (b), both as a function of µ =
λ/λc. The parameter values are g = 3, κ = 2 and η = 4. The
symmetry broken phase is marked by macroscopic excitations
in the phonon mode and a shift in the number difference of
photons between the two cavities.
saw in the previous section, the imbalance na−nb serves
as the z component of the large spin in the DM (when we
set the pumping to zero). From Eq. (11) we see that in
steady state xss ∝ (na − nb) implying that the displace-
ment scales in the same way as the photon imbalance and
contrary to the Dicke model the imbalance goes to zero
for large light-membrane coupling strengths. A physical
explanation for this asymptotic behaviour is that as the
membrane shifts away from x = 0 it changes the two
cavity lengths and moves them out of resonance with the
pumping. Since the pumping amplitude η is held fixed
as we vary λ it means that for very large light-membrane
couplings very few photons at all will be scattered into
the cavity and the light pressure cannot overcome the
membrane’s own spring constant. In this way the mem-
brane’s displacement is reduced at large λ. The turning
point at which the reduction begins can be seen in Fig.
4(b) where the membrane reaches maximal excitations
at µ = 2. Note that for the DM we do not encounter
a similar situation since there is no driving mechanism
present in it. We should also note that this transition in
the large coupling limit is not a PT but a crossover.
Even though we are mainly concerned with the reso-
nant driving case in this work, we just briefly state that
for a small cavity pump detuning ∆ = ωa − ωcenter =
ωb − ωcenter the qualitative behaviour is not changed. In
this case the off-resonant driving has the effect of shifting
the critical coupling to
λ∆,c =
1
2η
√
[(g −∆)2 + κ2] [(g + ∆)2 + κ2]
g + ∆
. (17)
The denominator of this expression shows the difference
between red and blue pumping, and especially that the
critical behaviour may be lost when ∆ < −g.
B. Critical exponents
We shall now attempt to identify some critical expo-
nents and use them to compare the present dynamical
PT to that of the DM. To do this we first consider the
fidelity susceptibility (FS) [47, 48] which is a measure of
how sensitive the system is to changes in some control
parameter. The FS is very similar to the well known
magnetic susceptibility or heat capacity when the control
parameters are the magnetic field or the temperature, re-
spectively. In particular, we expect a diverging response
of the system to small parameter changes in the vicinity
of the critical point λc. The FS is generically defined
as [49, 50]
χF(λ) = −1
2
d2
dδ2
〈ψ0(λ)|ψ0(λ+ δ)〉 |δ=0 (18)
where δ  1 in scaled units and ψ0 is the ground state
wave function of the system. We shall apply the FS con-
cept to the membrane wave function with the light fields
adiabatically eliminated, i.e. the membrane experiences
the effective potential given in Eq. (12). Furthermore, we
approximate the membrane’s wave function by a Gaus-
sian centred at x = 0 in the normal phase λ < λc and
a Gaussian centred at one of the two nonzero values in
Eq. (15) in the symmetry broken phase, λ > λc. We
are thus quantizing the system. The Gaussian approxi-
mation is valid as long as we stay away from the critical
region where the steady state wave function is in the pro-
cess of splitting. When the double well is clearly formed
we are out of this critical region which happens when
the distance between the two minima, xss+ − xss− (see
Eq. (15)), is much greater than the width of the Gaus-
sian. To calculate the variance of the wave function we
expand Eq. (12) around the steady state xss and identify
the width σ2 = 1
2
√
A
, where A is the coefficient in front
of the quadratic term in the expansion. Explicitly, this
gives the variance
σ2 =

1
2
√
1−µ2 , µ < 1
1
2
√
4(µ−1µ )
, µ > 1
(19)
which combined with Eq. (18) gives us the leading order
terms in the FS as
χF =
{
µ2
16(µ2−1)2 , µ < 1
0
√
µ(µ−2)2
8µ5
√
µ−1 +
1
64µ2(µ−1)2 , µ > 1.
(20)
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FIG. 5: Fidelity susceptibility χF as a function of µ = λ/λc
for 0 = 100. The inset shows the magnified region around
µ = 2. As explained in the text, the vanishing susceptibility
is an outcome of an interplay between the pumping and the
light-membrane interaction energy. Even though the critical
exponents for the susceptibility of our model are identical to
those of the DM, this extra phenomenon away from criticality
is not present in the DM.
Below the critical coupling the position of the wave func-
tion is centred at x = 0, so any changes in the FS derive
entirely from how its width is altered as λ is varied. How-
ever, above the critical coupling λ affects both the size
and the position of the wave function. It follows that the
leading order term is the position-dependent term due to
the factor of V in 0 which is taken as large in the ther-
modynamic limit. From the analytical results given in
Eq. (20) we can extract the corresponding critical expo-
nents α±, where α+ is the exponent above the transition
and α− is the exponent below the transitions; for µ < 1,
χF ∝ 1/(µ − 1)2 giving the exponent α− = 2, while for
µ > 1, χF ∝ 1/
√
µ− 1 the exponent α+ = 1/2. These
exponents are identical to those of the closed DM [56].
In fact, they do not depend on κ and so are the same for
the open and closed cases. The FS shows us that at the
turning point at µ = 2 the system is rather insensitive to
changes in λ; the system’s response can only derive from
higher order terms in the expansion. This non-universal
feature of the behaviour of the susceptibility is illustrated
in Fig. 5.
It is known that the steady state boson excitation (for
the membrane) scales as nc ∼ |µ−1|−β with β = −1/2 for
the closed and β = −1 for the open DMs [15, 16, 51]. This
discrepancy in scaling behaviour between the open and
closed DMs has also been explored experimentally [52]
and it was found that the measured exponent is in closer
agreement with the value β = −1. In the present system
cˆss = λ (na − nb) /
√
2V . Thus, for the steady state in the
symmetry broken phase we have
nc ∝ (na − nb)2 ∝ x2ss ∼ |µ− 1|, (21)
where the result given in Eq. (15) has been used and also
the fact that xss ∝ (na − nb). Equation (21) tells us
that our mean-field dynamical critical exponent β = −1
which is in perfect agreement with the result of the open
DM. The fact that the exponents found for the fidelity
susceptibility and the phonon number nc in the present
model agree with those of the DM suggests, but is not
a strict proof, that the two models belong to the same
universality class. To fully characterize the universality
class one would need to determine all independent ex-
ponents [53] which is, however, beyond the scope of the
present work.
It is useful at this point to catalogue how the main
dissipative processes appear in our mean-field treatment
and the effects, if any, we expect them to have upon the
critical behaviour. Firstly, the leaking of light from the
cavity is a spontaneous process that can lead to mem-
brane cooling [1], but since this decay channel acts on
the light rather than directly upon the membrane we
were able to include the average rate κ as a parameter
in our effective membrane potential in Eq. (12) where,
along with the pumping rate, it simply accounts for the
amount of light in the cavity. The adiabatic elimination
of the light field dynamics needed to obtain Eq. (12) pre-
cludes the existence of frictional effects associated with
membrane cooling because these require a time lag be-
tween the mirror and the light dynamics [54, 55] (in the
next section we shall look at small fluctuations around
the adiabatic solution and see some evidence of cooling-
type phenomena due to the existence of imaginary parts
of the frequencies of these fluctuations). As we have seen
above, by working with the FS for the membrane in an
effective conservative potential the leaking of light affects
β but not α. Secondly, the membrane can also exchange
phonons with the mount to which it is attached or cou-
ple to other modes of its motion other than the ones
we want and this can lead to either direct heating or
cooling of the membrane depending upon the effective
relative temperature. We have not included these pro-
cesses in our effective potential due to the fact that they
act directly upon the membrane and so would lead to a
non-Hermitian model. Even though the phonon reser-
voir is likely to contain thermal phonons at the relevant
frequencies, here we will assume the simplified picture of
a zero temperature reservoir and neglect fluctuations re-
sponsible for decoherence. Thus, as for the cavity fields
we follow a master equation approach with the Langevin
forces neglected. This might not give a quantitative de-
scription [57], but we will argue that it gives the correct
qualitative picture. For a zero temperature phonon bath,
the Heisenberg equations of motion for the membrane
position x and momentum p will include damping terms
of the form −γx/2 and −γp/2, respectively, where γ is
the membrane decay rate. Effectively this amounts to a
complex membrane vibrational frequency, which will not
break the Z2 symmetry. Thus, the equations of motion
(9) are still symmetric even with phonon damping taken
into account. This observation is crucial for the PT to
survive phonon losses. We have explored the effects of
9the terms −γx/2 and −γp/2 numerically by looking at
the steady state solutions of the full set of semi-classical
Heisenberg equations of motion. From this analysis we
verified that the exponent β remains the same even for
a non-zero γ. The effect of γ is mainly a rescaling of
the critical coupling λc; the coupling is multiplied by
the factor
√
1 + γ2. For zero ηa and ηb, this prefactor
can be demonstrated analytically [26]. Physically this
means that the transition will appear at larger couplings
which is reasonable since the action of the membrane
damping/friction has to be countered. Now, we may ask
whether thermal phonons in the bath could alter the par-
ity symmetry. However, at this level of mean-field ap-
proximation the inclusion of a “thermal Lindblad term”
in the master equation will not change the equations of
motion and hence the Z2 symmetry is preserved also in
this case. Again, this is not surprising since a thermal
state is Gaussian and does not favour a breaking of the
parity in x and p. This said, even if the dynamical PT
is still present, once a phonon bath has been taken into
account we cannot rule out the possibility that the uni-
versal properties of the transition could be different if
phonon quantum fluctuations were to be included.
V. STABILITY ANALYSIS
In order to determine the stability of the mean-field
(classical) solutions we follow the standard approach of
linearizing the equations of motion around the steady
state solutions. This will give us the stability and also
the low-energy collective excitations around the mean-
field solutions. Thus we expand the operators as
aˆ → αss + δaˆ,
bˆ → βss + δbˆ,
cˆ → γss + δcˆ, (22)
from which we get the linear coupled equations for the
fluctuations δaˆ, δbˆ, and δcˆ;
δ ˙ˆa = −i λ√
2V
αss(δcˆ
† + δcˆ)−
(
i
√
2
V
λRe [γss] + κ
)
δaˆ
−igδbˆ,
δ
˙ˆ
b = i
λ√
2V
βss(δcˆ
† + δcˆ)−
(
i
√
2
V
λRe [γss] + κ
)
δbˆ
−igδaˆ,
δ ˙ˆc = −iδcˆ− i λ√
2V
[
αssδaˆ
† + α∗ssδaˆ− βssδbˆ† − β∗ssδbˆ
]
.
(23)
Here we have excluded trivial constants, and the steady
state solutions are given by αss, βss, and γss (which should
not be confused with the membrane decay rate, γ). We
shall restrict ourselves to the steady state solutions corre-
sponding to the membrane at x = 0. Rather than work-
ing with the creation/annihilation operators, we study
the quadratures, δXˆa ≡ (δaˆ† + δaˆ)/
√
2 and δPˆa ≡
(δaˆ†−δa)/i√2 and equivalently for the other two modes.
By introducing u(t) = (δxˆ, δpˆ, δXˆa, δPˆa, δXˆb, δPˆb)
T and
substituting the steady state solutions of αss = −βss =
η
√
V /(g + iκ) and γss = 0 into Eqs. (23) the linearized
equations can be written in the matrix form
d
dt
u(t) = Du(t), (24)
where D is the drift matrix
D =

0 −1 0 0 0 0
1 0 µ
√
g
2 µ
κ√
2g
µ
√
g
2 µ
κ√
2g
−µ κ√
2g
0 −κ 0 0 −g
µ
√
g
2 0 0 −κ g 0−µ κ√
2g
0 0 −g −κ 0
µ
√
g
2 0 g 0 0 −κ

. (25)
The eigenvalues of iD will give the small excitation fre-
quencies of the system. The general expression is too
cumbersome to be given here and instead we focus on
the limiting case of zero photon losses. For κ = 0 we get
the pairs of excitation frequencies
ωex =
±g, ±
√
1 + g2 +
√
(g2 − 1)2 + 4g2µ2
√
2
,
±
√
1 + g2 −√(g2 − 1)2 + 4g2µ2
√
2
 . (26)
We see that the third pair becomes imaginary at µ = 1
which signals a classical pitchfork bifurcation. Specifi-
cally one becomes positive and imaginary which means
small perturbations will cause exponential growth away
from the initial position. This motion defines the process
of the system moving from the newly unstable position
at the centre of the double well to one of the two minima.
Let us switch to numerical analysis for the case κ 6=
0. Figure 6 plots the numerical results for the real and
imaginary parts of the frequencies for the steady states
of the two optical fields and the membrane. The colour
scheme used in the figure assigns colours depending on
the nature of the excitation at µ = 0 where the radiation
pressure on the membrane is switched off so that there
is no backaction by light upon it. In this limit all the
frequencies can therefore be assigned to pure excitations
of either the light (solid, black) or the membrane (dashed,
red). Despite the absence of backaction on the membrane
at µ = 0, the membrane still acts on the light such that
the global optical modes, which are the even and odd
combinations of the left and right modes, are split by
2g which is a quantity determined by the membrane’s
reflection and transmission coefficients. Thus, at µ = 0
we see in panel (a) the decaying part of the optical mode
at frequency κ, and in panel (b) we see that exciting
a photon from the lower (antisymmetric) mode to the
higher (symmetric) mode costs an energy to 2~g.
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We also see from Figure 6 that at µ = 0 the membrane
oscillates at its natural frequency without an imaginary
part because we have excluded direct phonon loss, i.e.
γ = 0. However, as we increase µ modes become coupled
and the membrane begins to pick up some damping from
the light, which is the process responsible for membrane
cooling [22]. For µ > 1 the motion of the membrane
is no longer oscillatory and the fluctuations grow/decay
from/to the steady state. We reiterate that Fig. 6 is gen-
erated by expanding Eqns. (23) about the steady state
values of the three modes when x = 0. If we chose to ex-
pand around one of the minima of the double well poten-
tial at x 6= 0 we would find the opposite result, i.e. small
oscillations for µ > 1 and exponential growth/decay for
µ < 1. We see that for non-zero κ the initially degenerate
light modes begin to split. One pair remains unchanged
as we increase µ and continues to describe the single pho-
ton excitation process from the antisymmetric mode to
the symmetric mode in the presence of a stationary mem-
brane. The other pair describes a similar process, but this
time the membrane assists in the transition. Indeed, we
can see that in this case the decay rate of the “light” de-
creases slightly since some of its energy is now trapped in
the interaction with the membrane and cannot leak out of
the cavity and its oscillations also increase the magnitude
of their frequency. Some of the features mentioned are
found in light-BEC coupled single cavity systems used
to model the Dicke PT. Specifically, we see photon as-
sisted cooling of N atoms in Figs. (5) and (1) in Refs.
[15, 16] and [51], respectively. We also see increased os-
cillations of the photon mode as the coupling approaches
the critical point. However, the oscillations in the single
cavity case correspond to the frequency of the light in
the cavity and in our case to tunnelling of photons be-
tween the two cavities. Finally, we emphasize that the
results found in this section, especially the region around
µ = 1 shown in Fig. 6, are best understood using the ef-
fective potential presented in Sec. III. Specifically, when
the frequency of the primarily membrane mode goes to
zero we get the formation of the double well in Veff(x)
where the membrane no longer oscillates about x = 0,
but (assuming symmetry breaking) moves to one of the
two new minima at ±xss.
VI. EXPERIMENTAL CONSIDERATIONS AND
THE EFFECTS OF FLUCTUATIONS
In this section we address the question of whether a
Dicke type PT in a multimode optomechanical system
is achievable with current experimental parameters. In
addition, we shall also attempt an estimate of the mag-
nitude of the fluctuations of the light field which we have
ignored in our mean-field treatment in order to check
whether they are capable of averaging out the PT. In
connection to this latter point, we note that fluctuations
enter in two rather distinct ways. One way is as the crit-
ical fluctuations that occur when characteristic length
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FIG. 6: Real and imaginary parts of the small excitation fre-
quencies as a function of µ = λ/λc for g = 2, κ = 1 and
γ = 0. In the limit of no light-membrane coupling, µ = 0,
the solid black and dashed red curves correspond to the light
and membrane modes, respectively. We can see the effect of
the critical coupling in the region of µ = 1 where bifurcations
take place for real and imaginary parts of the frequencies.
and time scales diverge near the transition point even in
a closed system. The other way is through the open na-
ture of the cavity which leads to photon loss at random
times. The former type of fluctuations are rather well un-
derstood and not particularly dangerous from our point
of view as they are limited to the critical region and we
have, e.g., evaluated our critical exponents away from the
critical point where mean-field theory is expected to be
valid. We shall instead concentrate here upon the latter
type which have the potential to invalidate a mean-field
treatment even outside the critical region.
A simple estimate of photon number fluctuations can
be found based upon the observation, already made
above in Section II, that the exact steady state solution of
a driven and damped quantum harmonic oscillator, that
here represents the electromagnetic field inside the cav-
ity, is a coherent state [36]. Even if the coupling to the
membrane changes the model from the pure harmonic
oscillator studied in [36], it should still be accurate to as-
sume a coherent state for the light field in the large field
limit we are interested in [58]. We choose the amplitude
of the coherent state by matching it to the amplitude of
our mean-field solution, in other words we assume that
our mean-field solution for the intensity of the light field
correctly gives the average number of photons in the cav-
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ity. Indeed, this connection is necessary if the quantum
and classical approaches are to agree in the limit of large
quantum numbers. This directly gives the size of the
photon number fluctuations ∆N because for a coherent
state we have ∆N =
√
Ntot =
√
na + nb. These number
fluctuations become dangerous in the broken symmetry
state when they are of the same order of magnitude as
the photon number difference between the left and right
sides of the membrane, a quantity which acts as an order
parameter. We shall therefore define a ratio R analogous
to a signal-to-noise ratio
R = |na − nb|√
na + nb
. (27)
We require R  1 for the open system fluctuations to
have negligible effect. The mean-field expressions for the
number difference and total number in the symmetry bro-
ken phase are
na − nb = ± V
λ2ω
√
2
√
gωηλ− (g2 + κ2) (28)
na + nb =
ηV√
gωλ
(29)
where we have transformed back to dimensional quanti-
ties g → g/ω, κ → κ/ω and η → η/ω, in order to ex-
plicitly show the dependence upon the phonon frequency
ω. Combining these expressions with the expression for
λ given in Eq. (4) gives
R = ωL
ωcentre
√
gmV
2~
√
1− 1
µP
(30)
where µP =
√
P
Pc
and
Pc =
1
16
ω2L2m
ωcentre
(g2 + κ2)2
gκ
. (31)
In this last expression we have introduced the laser power
P and its critical value Pc. Although in the rest of this
paper we have used λ as the external parameter which is
tuned across the critical point because it makes the com-
parison to the DM most transparent, in an experiment λ
is not the most convenient parameter to tune as can be
seen by examining the quantities entering its definition
in Eq. (4). However, from Eq. (14) we see that the criti-
cal coupling λc is inversely proportional to the pumping
amplitude η so that in an actual experiment one would
therefore probably choose η as the control variable. Phys-
ically, we can control η by tuning the power output of the
pumping laser(s), P , as we see by combining the relations
η =
√
κI and P = I~ωcentre where the photon current I
is the number of incident photons per second that match
the cavity mode.
We shall now estimate R and Pc using experimentally
realizable parameter values. We first look at g and note
that in the original membrane-in-the-middle experiment
g ∼ 2pi × 1 GHz [21], but in more recent experiments
it can be tuned to much smaller values g ∼ 2pi × 0.1
MHz [23], giving a very large range of possibilities. The
membrane consists of a 50 nm thick film of SiN and
has a fundamental mode of oscillation at a frequency of
ω ∼ 2pi × 100 kHz [59]. Its effective “motional mass” as
appearing in Eq. (2), which is one quarter of its actual
mass for a square membrane, is quoted in reference [21]
as being m = 5×10−14 kg and it sits in a cavity of length
L = 0.067 m. Furthermore, high finesse cavities have al-
ready been used to observe normal mode splitting, i.e.
κ < g [23] and in the future it is expected that κ ∼ ω
[29]. We set κ ∼ ω and assume that ωcentre = c×2pi/1064
nm [21]. Choosing g = 2pi × 10 MHz and putting V = 1
we arrive at the critical values of Pc ≈ 1.2 mW and
R ≈ 625 for P = 1.1Pc. These results for R and Pc
suggest both that fluctuations due to photon loss will
not scramble the symmetry broken state and that the
transition can be engineered to occur at reasonable pa-
rameter values, respectively. In terms of photon num-
bers inside the cavity the above parameter values give
na + nb = 2.2 × 106 and na − nb = 9.3 × 105, and the
number of phonons in the membrane is nc = 1.0 × 107.
The size of these numbers suggests that the mean-field
approach should be valid at these parameter values. The
value for Pc we find is about ten times greater than the
power used in the experiments [21] and should be easily
achievable. Our chosen value of g sits in the middle of
the experimentally realized range and increasing it to the
upper end, i.e. to g ∼ 2pi × 1 GHz, would improve the
situation for R but would also increase Pc by a factor of
one million.
In the above calculation, and in this paper generally,
we have ignored the mechanical damping of the mem-
brane. The mechanical damping rate γ of the funda-
mental mode depends on temperature such that its qual-
ity factor Q ∼ 106 at 293 K, and this increases to
Q ∼ 107 at 300 mK [59]. In units of the membrane
frequency we therefore have γ = 1/Q < 10−6. Multiply-
ing by the above value of nc tells us that we lose about
10 phonons per natural period of the membrane in the
symmetry broken state. To put this in perspective we
can consider the power loss due to mechanical damping
γnc~ω = 4.2× 10−22Js−1 and compare it to that due to
photon loss κ(na + nb)~ωcentre = 2.6 × 10−7Js−1. This
shows that the phonon decay channel is energetically in-
significant in comparison to the optical decay channel.
VII. CONCLUDING REMARKS
In this work we have shown how dynamical critical
phenomena may appear in the “membrane in the mid-
dle” optomechanical cavity setup. By first demonstrat-
ing that the corresponding closed model is identical to the
DM we were led to analyze the driven-open system. At a
mean-field level we showed that the model is indeed crit-
ical for certain drivings, meaning that the steady state
solutions of the classical equations of motion exhibit a
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bifurcation which signals a second order PT. We calcu-
lated two critical exponents: α which characterizes the
critical behaviour of the ground state wave function of
the membrane as the light-membrane coupling strength
λ is varied, and β which is the related quantity for the
number of membrane phonons, and found they were iden-
tical to those of the DM. To be more precise, we found
that α was identical to that of the closed DM (to the best
of our knowledge it has not yet been calculated for the
open DM, but since it does not depend on κ we do not
expect any difference for the open and closed DM’s any-
way), and we found that β, which does differ between the
open and closed DM’s, agrees with that of the open DM.
The structure of the spectrum of quantum fluctuations
about the mean-field also looks identical to that of the
DM suggesting a connection also at the quantum level.
Inputting experimentally realistic numbers showed both
that the PT was within reach with current technology
and that the mean-field theory can be a reasonable ap-
proximation, at least outside of the usual critical region.
The realization of a Dicke-type PT in a macroscopic
mechanical system would be a significant step. The
experiments that have seen the Dicke PT so far have
all been with atomic gases: the dynamical Dicke PT
has been demonstrated in cold atom systems where the
atoms spontaneously choose one of two spatial configu-
rations [9, 10], and very recently the PT has been seen in
a thermal gas of Λ-atoms Raman coupled to an external
drive and a cavity mode [60], and also in a spin-orbit cou-
pled atomic condensate [61]. As our results give strong
evidence that the multimode optomechanics model be-
longs to the same universality class as the DM, they open
up a new arena where critical Dicke physics could be ex-
plored. Of course, the mean-field treatment in this paper
is only the first step in this direction, and future theoret-
ical work should probably attempt to verify the coherent
state hypothesis in Sec. VI which estimates the effect of
fluctuations due to the open nature of the system and
indicates they should not be an obstacle to observation
of a PT.
In closing, we note that the realization of a PT in the
atomic gas experiments [9–11] cleverly overcame two se-
rious obstacles. The first is that at optical frequencies
the critical coupling strength λc obtained from the closed
undriven Dicke Hamiltonian Eq. (6) becomes equal to
the optical frequency (when units are restored). This is
unfeasibly large (much larger than the dipole coupling),
seemingly making the superradiant state unreachable.
The second is the existence of a no-go theorem [62, 63]
which states that the Dicke PT is not allowed as an equi-
librium PT for two-level atoms coupled to a single photon
mode. The origin of this no-go theorem can be under-
stood from the minimal coupling Hamiltonian (~p− e ~A)2
that gives the coupling between the atoms and the light:
the original DM had the term ~p · ~A but left out the
field self-energy ∝ A2 which when included prevents the
PT. The solution to both these problems is to use an
open system which employs a Raman scheme involving
an external pump laser (as well as the cavity field) [64].
This not only breaks the relation between the coupling
strength and the magnitude of the self-energy implied by
the minimal coupling Hamiltonian, but also allows the ef-
fective two-level system coupled by the Raman scheme to
be formed from two states in the ground state manifold
with an arbitrarily small splitting meaning that the op-
tical frequency is no longer the relevant frequency scale.
In an analogous fashion to the atomic systems, the pos-
sibility of a PT in our model follows from the fact that
the smallness of the tunneling rate g in comparison to
the membrane frequency ω is in principle not limited by
some physical constraint, allowing us to tune the param-
eters to achieve a critical coupling λc which is readily
achievable in experiments. The no-go theorem is likewise
circumvented.
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Appendix A: Sensitivity of Schro¨dinger Cat States
to Asymmetry
In Section III we discussed the possibility of a macro-
scopic superposition (Schro¨dinger Cat state) of two mem-
brane positions centred at the minima of the effective
double well potential. In this appendix we shall pick one
possible decoherence mechanism, namely an asymmetry
in the double well potential, and determine the sensi-
tivity of such a state to it. The asymmetry might arise
from an imbalance in the pumping, or it might arise from
other effects we have not explicitly considered in which
case imbalanced pumping might even provide a way to
try and counter it. What is guaranteed, however, is that
for a large enough separation of the minima any infinites-
imal imbalance will cause the collapse of the state into
one well or the other. Since the imbalanced pumping
appears as the odd term in Veff in Eq. (12) it provides
a precise way to examine the effects of such imbalances
whatever their physical origin.
Above the PT and for ηa = −ηb we have a perfectly
balanced double well potential. In the absence of tunnel
coupling between the two wells the ground state would
be doubly degenerate with energy E , say, and the two
ground state wave functions ψL(x) and ψR(x) are local-
ized in the left and right wells, respectively. States local-
ized in the left or right well are of course closest to the
classical description. In the presence of tunnelling the
degeneracy is lifted and to a very good approximation
the new ground and first excited state are given by (see
Problem 3 on p 183 of reference [42])
Eg : ψg(x) = [ψL(x) + ψR(x)] /
√
2 ,
Ee : ψe(x) = [ψL(x)− ψR(x)] /
√
2 . (A1)
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The splitting ∆E = Ee−Eg determines the sensitivity of
the system to small imbalances in the double well poten-
tial. When the tilt in Veff is much smaller than ∆E, the
symmetric state remains the ground state. When the tilt
is of order of or larger than ∆E the ground state becomes
localized in the lower well. To estimate the splitting one
can use the WKB result which, when translated into our
units, reads
∆E =
Ω
pi
exp
[
−
√
2
∫ a
−a
√
Veff(x)− E dx
]
(A2)
where ±a are the positions of the classical turning points
on either side of the central barrier and Ω is the angular
frequency (in units of ω) of the classical motion having
energy E in either well. In the harmonic approximation,
we find that the potential near the bottom of the wells is
given by
Veff ≈ 2µ− 1
µ
(x− xss)2 + E0 (A3)
≡ 1
2
Ω2(x− xss)2 + E0 (A4)
where E0 is the energy at the bottom of the well given
in Eq. (16). This implies that the quantum ground state
energy in each well is given by
E ≈
√
µ− 1
µ
+ E0. (A5)
Next, we approximate the tunnel barrier by an inverted
parabola and find that near x = 0
Veff ≈ 0 − 1
2
(µ2 − 1)x2 (A6)
where 0 is defined below Eq. (15). The turning points
±a of the classical motion at the central barrier can now
be estimated by equating this potential to E giving
a2 =
1
1 + µ
[
20
µ− 1
µ2
− 2
√
1
µ(µ− 1)
]
. (A7)
Combining these results we arrive at the expression
∆E ≈ 2
pi
√
µ− 1
µ
exp
−pi
(
0
(µ−1)2
µ2 −
√
µ−1
µ
)
√
µ2 − 1
 .
(A8)
Due to the exponential smallness of the tunnel split-
ting even a tiny imbalance in the double well will make
a big difference. The energy imbalance associated with
unequal pumping is given by the third term in Eq. (12)
for Veff . To keep the calculation as simple as possible we
expand this term to first order in x and evaluate it at the
minimum energy of the unperturbed double well,
∆EImb = 2V (η
2
a − η2b )
(g2 − κ2)√µ− 1
(g2 + κ2)3/2
. (A9)
We have included a factor of 2 to take account of the
difference in energy between the two wells. Equating this
to ∆E gives the relation
η2a−η2b =
(g2 + κ2)3/2
V pi
√
µ(g2 − κ2) exp
−pi
(
0
(µ−1)2
µ2 −
√
µ−1
µ
)
√
µ2 − 1
 .
(A10)
Switching to dimensional quantities and expressing in
terms of the power difference (see Section VI) gives
∆P = Pa−Pb = C1 exp
−pi
(
C2
~ω (µP − 1)2 −
√
µP−1
µP
)
√
µ2P − 1

(A11)
where
C1 =
~ωωcentre(g2 + κ2)3/2
V piκ
√
µP (g2 − κ2) ,
C2 =
V L2ω2m(g2 + κ2)
8ω2centre
.
Inputting the experimental parameters we used in Sec.
VI into the RHS of Eq. (A11) gives a splitting of ∆P ∝
10−2.1×10
6
which definitively excludes the survival of a
cat state. Very near the PT the central barrier in the dou-
ble well potential gets smaller and the system is less sen-
sitive to an imbalance. For example, at P = 1.00001Pc
we find ∆P ≈ 0.2pW, which is more viable than the pre-
vious case but then the cat state must also contend with
fluctuations in the critical region of the PT. We therefore
conclude that the observation of a cat state in current ex-
periments is virtually impossible but future experiments
with lighter and more reflective membranes interacting
with high frequency light in smaller cavities with lower
loss rates might ease the situation.
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